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NONRADIAL SOLVABILITY STRUCTURE OF
SUPER-DIFFUSIVE NONLINEAR PARABOLIC EQUATIONS

PANAGIOTA DASKALOPOULOS AND MANUEL DEL PINO

ABSTRACT. We study the solvability of the Cauchy problem for the nonlinear
parabolic equation

88—1: = div (u™ 1 Vu)

when m < 0 in R?, with u(x,0) = f(x) a given nonnegative function. It is
known from earlier works of the authors that the asymptotic radial growth
r~2/1=m p — |g| for the spherical averages of f(z) is critical for local solv-
ability, in particular ensuring it if f is radially symmetric. We show that if
the initial data f(z) behaves in polar coordinates like r—=2/1=™g(0), for large
r = |z| with g nonnegative and 2m-periodic, then the following holds: If g
vanishes on some interval of length [* = (m=bm 0, then there is no local
solution of the initial value problem. On the other hand, if such an interval
does not exist, then the initial value problem is locally solvable and the time
of existence can be estimated explicitly.

1. INTRODUCTION

This paper studies the solvability of the Cauchy problem for the nonlinear par-
abolic equation
(1.1) % = div (u™ *Vu)
in the range of exponents m < 0. We shall refer to (1.1) in this case as super-
diffusive, in opposition to m > 1 and 0 < m < 1, called in standard terminology
slow and fast diffusion respectively.

Equation (1.1) arises in a wide range of applications, out of which we note the
spreading of microscopic droplets, proposed by Lépez, Miller & Ruckenstein [17]
1976, de Gennes [12] 1984, and Stratov [19] 1983. In a different context, Chayes,
Osher and Ralston [4] have studied this equation in connection with interacting
particle systems with self-organized criticality. When m = 0, N = 2, equation (1.1)
arises in Geometry, as the two-dimensional Ricci flow, see Wu [22] and Hamilton
[14].

Received by the editors March 25, 1998.

1991 Mathematics Subject Classification. Primary 35K15, 35K55, 35K65; Secondary 35J40.

The first author was partially supported by The Sloan Foundation and by NSF/Conicyt-Chile
grant INT-9802406.

The second author was partially supported by grants Lineas Complementarias Fondecyt
8000010 and FONDAP.

(©2001 American Mathematical Society

1583



1584 PANAGIOTA DASKALOPOULOS AND MANUEL DEL PINO
It is natural to ask under which conditions on f the initial value problem

u(z,0) = f(z), xeRV,

with T > 0 a given constant and f a nonnegative, locally integrable function, is
solvable. Writing equation (1.1) in the form

0

(9_7: = Ad(u) in Qr,

where ¢(u) = u™/mifm # 0, = logu if m = 0, and Qr = RY x (0, T), we define the
solution of (1.2) as a nonnegative function u in C([0,T); LL (R™)) such that ¢(u)

loc

belongs to Li. (RN x [0,7)) and which satisfies the equation in the distributional
sense. Note that the assumption ¢(u) locally integrable implies that u is nonzero
almost everywhere in Q7.

It is proved in [20], that when m < 0, N > 3 or m < 0, N = 2, there exists
no local solution to (1.2) if the initial data f has finite mass, i.e. f € LY(RY). In
other words, the solution vanishes instantaneously because the high diffusion takes
all mass to infinity in no time.

In the papers [7] and [§] the authors investigated the limiting decay rate marking
the threshold between existence and nonexistence when m < 0. In fact, as it follows
from the results in [7], the instant vanishing phenomenon occurs if

1
RN |,
as R — 4o00. More precisely, when m < 0, N > 2, it was shown in [8] that if
: L « 1/ (1—m)
hmsup m /BR f(fE) dx < C T

R—o0

f@)dr=o0 (R_Q/(l_m))

where
2
C* —[2(N — 1/(1—m)
[2(N = )Yy
with wy denoting the surface area of the unit sphere, then a solution to (1.2) must
vanish identically before time T'.
On the other hand, it was also shown in [8] that if f is radially symmetric and

1
(1.3) hzzniio%f TN - f(x)dz > TV 0=m)
then a solution to (1.2) defined up to time T exists.
These results, based on integral comparisons with certain explicit solutions, show
a notable symmetry between the super-diffusive case m < 0 and the slow-diffusion
or porous medium case m > 1. In fact, from the theory for the porous medium
equation developed in the papers [2], [3] and [6], it follows that if m > 1 and

: 1 1/(1-m)

then existence for (1.2) holds, while if

: 1 -m
lim sup m /B f(l‘) dr > Cy Tl/(l )7
R

R—o0
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then a solution must blow-up before time T'. Here C; and Cs are constants depen-
dent only on m, N. Let us observe that in the case of slow diffusion m > 1, no
radiality is assumed in the existence statement.

It should also be mentioned that for m = 0, N = 2 it is established in [9] (see
also the independent works [21], [10]), that (1.2) is solvable (up to time T') if and
only if fR2 f > 4T and no radiality is required for existence either.

It is thus tempting to guess that radial symmetry is not needed for a condition
of the form (1.3) to guarantee existence. Strikingly enough, this is not true, as
shown via an example in [§], when m < 0 and N = 2. Roughly speaking, it is
shown that if f vanishes on a “sufficiently wide” logarithmic spiral region, then no
local solution exists. In such case the value of the limit in (1.3) can be arbitrarily
large. A close look at the construction in [§], shows that it can be simplified when
m < —1/3, to yield that if f vanishes on the infinite sector 0 < 6 < [ where 6 is the
polar angle and

(m—1)r

I>10*= >0,

then no local solution exists, i.e. (1.2) is not solvable for any T' > 0. Actually [ = [*
also yields nonexistence, or instant vanishing, as we will see.
These facts show that the super-diffusive equation may hide a rich and possibly
very complex nonradial structure behind the existence question, not present in the
slower diffussion case, where just the asymptotic behavior of the spherical averages
of the initial data is the issue for solvability. Here the behavior of f in the angle
coordinate is also critical. It seems that when m < 0, the fact that f is too small in
a “too large” region implies nonexistence, no matter what the behavior of f outside
that region is.

The reciprocal question remained unanswered: Assume that N =2, m < 0. If
f is, say, the characteristic function of a sector with sufficiently wide aperture, is
problem (1.2) solvable? The present paper is motivated by this question and we
will show that its answer is affirmative. We will only consider the case of dimension
N = 2, since the problem becomes even more complex in higher dimensions. We
will show that when N = 2, m < 0, the aperture [* defined above constitutes
the exact threshold between existence of a globally defined solution and instant
vanishing. We define, for [ > 0, the sector

(1.4) Cy=A{(rcosf,rsinf) | r>0, 0 <8<}
and denote by x; its characteristic function, that is in polar coordinates,
Xl(r,9)={ 1 ifo<O<l,
0  otherwise .

We define the critical length (or aperture) [* as
o (m-1)
1. "= 2, ——= .
(1.5) min{2m, 5 T >0
Note that I* = 27 if and only if m > —1/3. The following result holds.

Theorem 1.1. Assume that N = 2, m < 0. (1) If f =0 a.e. on Cj«, then the
problem (1.2) is not locally solvable, i.e. (1.2) has no solution for any T > 0.

(1) Let I < 1* and f = xor—i. Then (1.2) admits a solution globally defined in
time, that is for T = +o0.
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The proof of the nonexistence statement (i) follows the lines of the counterexam-
ple developed in [8], but a refinement of the barriers constructed there is required
in order to reach the exact aperture [*.

Since, as we have seen, the asymptotic radial growth 7—2/1=™ for the spherical
averages of f(x) is also critical for local existence, it is natural to consider an
initial data whose behavior for large r = |z| is of the form r—2/1=™g(#), where g
is a nonnegative 27-periodic function. It follows from the above result, that if g
vanishes on some interval of length [* then there is no local solution of problem
(1.2). Rather surprisingly, if such an interval does not exist, then (1.2) for this f
is locally solvable, and the time of existence can be estimated explicitely. This will
be shown in the next result.

To state this result in a precise way, we denote by LSS the space of all bounded
measurable 27-periodic functions on the real line, and define for 0 < | < 27 and
0 < g€ LY the number K;(g) as

(1.6) Ki(g) = inf {/Ig(H)d9| I interval, |1|=z}.

Note that K;(g) is nondecreasing in ! and K;(g) = 0 if and only if there is an
interval of length [ over which ¢ vanishes identically a.e.

Theorem 1.2. Assume that N =2, m < 0. Let f € Lj, (R?) which satisfies, for
some R > 0, that

(1.7) fla) = r 20 g(6),  forr=|z|> R

where g € L3 is nonnegative. Assume that for some 0 < I < I* one has that
Ki(g) > 0. Then (1.2) has a local solution defined at least up to time T given by

Kig) (" =0* '™
1.8 T= ————-—"- i
(18) ( Cx
where C* is a positive constant dependent only on m.

Note that combining Theorems 1.1 (a) and 1.2, we have that if f(z) = r=2/(1=") ¢(g),
then (1.2) is locally solvable if and only if Kj«(g) > 0.

The rest of this paper will be devoted to the proofs of these results. Our approach
is based on the relationship between local solvability of (1.2) and the existence of
solutions for the elliptic problem

(1.9) Av+ov7" = f(z) in R?,

where v = —1/m > 0.
Indeed, we will prove in section 3 that if u is a positive solution of (1.2), then
the function

1 T
d(x) = — / u(x,s)ds
@ =g [ )
satisfies
(1.10) AD + (yT)"Ympt/m > f

with v = (1 — m)/|m|. Therefore solvability of (1.9) provides through (1.10) a
barrier which prevents the possible vanishing of the maximal solution of (1.2). For
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the purpose of proving existence of solutions of (1.9), we will study first the special
case of f(x) of the form

flx) =r=2/1 g(0),

with g € L3 (R), nonnegative. An elementary but key observation is that in this
case we can try a solution of the form

v(z) = 21T w()
where w is 27-periodic and solves the one-dimensional equation
(1.11) weg + Bw +w" = g(0)

where = /l* =2/(v+ 1), since v = —1/m. Our first task is to study solvability
of this problem. We do this in §2. Our main result there asserts essentially that if
K;(g) is sufficiently large, for some [ < [*, then the ordinary differential equation
(1.11) possesses a 2m-periodic solution, a result that relies on a rather delicate
construction of a 27-periodic supersolution for this equation. In section 3 we extend
this solvability result to the general elliptic problem and show the analogue of
Theorem 1.2 for it. Section 4 is devoted to the proof of the parabolic results
Theorems 1.2 and 1.1.

Finally, we would like to remark that a sufficient condition for solvability of (1.2)
in the nonradial case has been given in [8], which roughly speaking asserts that if

/(108; |z —y| —log|y|) f(y) = C(m) TY1=m|g|~2m/1=m

then (1.2) is solvable. The above integral is understood in a principal value sense
by approximation with Green’s functions on an expanding sequence of balls. This
type of condition is of no use in the case of, say, the characteristic function of an
infinite sector which we examine in this paper.

2. 2m-PERIODIC SOLUTIONS OF THE O.D.E.

In this section we will study the existence of 27-periodic positive solutions of the
one-dimensional nonlinear equation

(2.1) W+ Putu =g
with 0 < g € L3S and 3 > 0. We denote in this section

"= min{%, 27},

which recovers the I* in (1.5) when v = —1/m and 8 =2/(v 4+ 1).
For [ € (0,2r], we consider the number K;(g) as defined in (1.6). Our main
result in this section states as follows.

Theorem 2.1. There exists a number A = A(v,3) > 0, such that if for some
1 € (0,27] with I <I* we have

A

(2.2) Ki(g) > m;

then equation (2.1) admits at least one 2w-periodic positive solution.
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The main step in the proof of this theorem will be the construction of a positive
supersolution of the linear equation

(2.3) w' + fPw=g
when 0 < g € LY and K;(g) > 0 for some [ < [*. It should be remarked that the
2m-periodic solution of (2.3), which is unique if 8 #n, n =1,2,..., does not need

to be positive under this assumption.

Lemma 2.1. Assume that for some numberl < I* one has K;(g) > 0. Then, there
exists a C1, 2m-periodic supersolution w of (2.3) such that

(2.4) infw > e(8) Kilg) (I* )",
for some constant c(B) > 0.
First we present the proof of Theorem 2.1 based on the above lemma.

Proof of Theorem 2.1. Our proof is based on the sub-supersolution method. Since
g is bounded, the constant function u = ¢, with € arbitrarily small is a subsolution
of the equation. Thus, it suffices to find a positive supersolution @ of (2.1). Let us
assume that g satisfies (2.2) with A to be determined. Let w be a supersolution of
the linear equation (2.3) as in Lemma 2.1. We seek for a supersolution of the form

u=w—"
where v is an appropriately chosen positive constant. Then, w satisfies
w’ + 2w < g
and
(2.5) infw > ¢(B) \.

A simple computation shows that the function @ = w — + is a supersolution of (2.1)
if the constant v can be chosen such that w > 0 and

—B%y + (w =) 0.
Setting v = inf w/2 the above inequality is satisfied if

infw > 2
lﬂw_m.

Estimate (2.5) implies that this is possible if we choose
2
A= —0989———.
C(ﬂ) ﬂQ/(l/Jrl)
Therefore @ is the desired 27-periodic supersolution. The existence of a 27-periodic
solution of (2.1) follows now from the standard sub-supersolution method. O
Proof of Lemma 1.1. Let g, [* and [ be as in the statement of the lemma. With no
loss of generality, we will assume in the rest of the proof that
(2.6) Ki(g) = 1.
The idea is to construct a 2m-periodic function h, with 0 < h < g, still satisfying

K;(h) > 0, whose support is contained in a finite set of tiny intervals for which the
construction of a supersolution w of

W'+ 2w=nh

with the desired properties will follow more directly.
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To this end we set
d=(1"-1)/N

where N > 10 is a large integer to be determined in the course of the proof, in
terms of B only. Set u = 6/(2l) and let zy be a point such that

zo+0
(2.7) [ ez
x

0

whose existence follows from condition (2.6).
We show next that there exists a partition of points g < z1 < ... < xp < Tg41 =
xo + 2w, such that for alli = 0,1, ...,k

(2.8) [ ozn

k3

and also
(2.9) 46 < Tit1 — T < I+ 96.
We have that [ < 27. Having chosen 6 = (I* —1)/N and x( satisfying (2.7) we take

x40
x1 = sup xe[m0+6,x0+l+56]:/ g >2u .
T

Condition (2.6) assures that such a point exists and satisfies
(2.10) 46 < 1 — w0 < 1+ 56.

We proceed inductively. Assume that xo,...,z; have been chosen so that they
satisfy (2.8) and (2.10). If z; + 1+ 56 < xo + 27 we continue by choosing

445
a:j+1:sup{xe[xj+5,a:j+l+55]:/ gd922u}

which, as before exists and satisfies
4(5§£L’j+1 — Xy §l+5(§

If on the contrary xo + 27 — x; > 59, then in the case that z; + 1440 > 9 + 27, we
choose z; = x}, as the last point of our partition before zo+27. If 29427 —x; < 44,
then

$0+27T—J)j_1 §4(5+($j—$j_1)§1+9(5

and therefore we can choose z;_; = =z} as the last point of our partition, still
satisfying (2.9).

Then, in each of the intervals I; = [x;, z; + §] we choose a point y;, which splits
I; in such a way that on both intervals I} = [z;,y;] and I? = [y;, z; + J], one has

(2.11) / g > and / g > .
I} I}

Next we consider a function h on [xg, xg 4+ 27| with 0 < h < g, h = 0 outside of the

intervals I; and such that
/ h :/ h = pu.
5 2
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We extend h to the entire real line as a 27-periodic function. Since g is 27-periodic
we have

0<h<g.

Therefore, the problem is reduced to constructing a supersolution w of (2.3) with
the right-hand side h. We will construct w on the interval [yo,yo + 27| by solving
the Neumann problems

w” + fPw = hy; w'(yi) = w'(Yiy1) = 0,

in each of the intervals [y;, yit1], i = 0, ..., k, where the functions h; will be chosen
appropriately so that 0 < h; < h,

(2.11) w(yi) = w(yiy1), Vi
and
infw > ¢(B) (I* = 1)*
The construction of w in each of the above intervals is based on the following lemma.

Lemma 2.2. There exists a positive integer N = N(8) such that if 6 and s are
positive numbers with

30 <s<I*—N§

and if h is a nonnegative function on [0, s] such that h =0 on [§,s — &) and

(2.14) / / b=,

then, there exists a function w on [0, s] which satisfies
(2.15) w’ + B*w < h; w'(0) = w'(s) =0,
and in addition w(0) = w(s) and
(2.16) inf w > ¢(B)ud>.
Let us accept for now the validity of this fact, and let us finish the proof of Lemma
2.1. Each of the intervals [y;, yi+1] has length s; satisfying
30 < s; <1+ 96.
It follows from Lemma 2.2 that there exists a positive integer N = N() such that

if we initially took ¢ = (I* —[)/N, then for every such interval there exists a w;
satisfying
wf + 2w <h; o wi(y) = wi(yi) =0,
with w; (y;) = w;(yi+1) and
inf w; > e(B)(1* —1)*,

[Yisyiyal
(recall that p = §/1). Set
v =min{w;(y;); :=0,1,... ,k }
and

— 1
Wi = 7,; Wi,
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with ~; = w;(y;)/v so that
wi(y) =7, Vi
Define w on [yo, yo + 27] by setting w = w; on [y;, y;+1] and extend it as a 27-

periodic function. It is clear that w is the desired supersolution, which concludes
the proof of the lemma, modulo the proof of Lemma 2.2. O

Proof of Lemma 2.2. Denote by G(z,y) the Green’s function of the Neumann prob-
lem for the operator Lw = w"” + 3?w on the interval [0, s], so that

02 (y) denoting the Dirac mass at z. An elementary computation shows that G(z,y)
is given by
cos(B(s — x)) cos (By)
Bsin(ps)

if0<y<ux,

and
cos(sz) cos(B(y — s))
Bsin(Bs)
We will show that there exists a positive A close to 1, such that the solution w

of the Neumann problem for the equation Lw = hy, with hy = Ah on [0,4] and
hx = h on [s — 4§, 5], satisfies both w(0) = w(s) and (2.15). Since

/Gmyh)\

for the latter requirement we need

_ [ cos(Bly —5)) © cos(Bly —5))
/\/ 6sm ﬂs hdy—'—/sﬂs Bsin(Bs) iy

ify<az<s.

to be equal to

[ os(B) " cos(y)
w0 =3 [ SR | S

In other words,

§ s
)\/0 [cos(By) — cos(B(s —y)) |hdy = /Sié[cos(ﬁ(s —1y)) — cos(By) |h dy.

From the mean value theorem
_ cos(B61) — cos(B(s — &1))
cos(B&2) — cos(B(s — &2))

for some &1, & € [0, 4], and thus we can estimate

) poigs L

where ¢ is a constant depending only on 3. We will show next that w satisfies
(2.16). In the case that A < 1 the function w will be the desired supersolution,
otherwise we just replace w by w/\, to assure that (2.15) is satisfied. We will only
estimate w on [0, s/2], since the estimate on [s/2, s] will follow by symmetry. We
have

5+ cé?

cos(fx)

cos(B(s — x))
Bsin(Bs)

W) = = n(B9)

/1’ cos(By)hy dy + /S cos(B(s —y))ha dy
0 x
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and thus expanding cos(8(s — x)) = cos(fs) cos(Bx) + sin(Fs) sin(fz) and dropping
positive terms (remembering that J§ is a small number and 0 < fz < 7/2), we
conclude

cos(fz) J s B
(2.18) w(zx) > Fen(3s) {cos(ﬁs))\/o cos(By)h dy + /876 cos(((s y))hdy} .

It remains to estimate the term I inside brackets on the right-hand side of (2.18).
If 8s < /2, both terms in I are nonnegative, and therefore dropping the first, we
estimate

I > cos(B9) /S(S hdy > c(B)p

which implies the estimate

cos(fs/2)
2.19 > ——r 271> .
(219) wia) = G 1> (o)
On the other hand, if 7/2 < s < BI* = 7, the two terms in I have opposite sign
and they compete. However, using (2.17) we estimate

I > {cos(Bs) [1+ Bsin(Bs)s + ¢6?] + cos(85) } p.

We recall that also s < I* — NB6 = m — NBS. Let 8y be a positive constant
depending only on 3 such that if |3s — 7| < 6y and 80 < g

cos(Bs) > —14c(m — Bs)?, cos(B6) > 1—cd?, cos(Bs/2) > c(n/2 — Bs/2)
and
(m — Bs)/2 <sin(fs) <7 — fs.
Then,
I> (01(77 — ﬁs)2 — ca(m — Bs)d — 03(52) I
with c1, c2, c3 positive, depending only on 3. Thus
I> ((e1N —co)(m — Bs) — c30)0p.

Hence if N was large enough a priori, only in terms of 3, we may conclude I >
C(3)6%u, and hence

wle) > S2EL 1 > co)
Finally in the last case 7/2 < s < m — 6y, we have
I > {cos(m — o) + cos(BS) — c26 — c36°}
and hence if ¢ is sufficiently small

I>c(B)p
which implies that

wie) = S 1> o

The desired estimate (2.16) thus follows. O
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3. THE ELLIPTIC EQUATION
In this section we will study the existence of solutions for the elliptic equation
(3.1) Au+u™" = f(x), in R?

where f is a nonnegative, locally integrable function. As we observed in the intro-
duction, in the special f = r—2v/(+1) g(0) one can set, in polar coordinates,

(3.2) u(r,0) = ¥ 4(9),
so that (3.1) reduces to the problem of finding positive, 2m-periodic solutions of the
ordinary differential equation

,a// —I—ﬁQ’G,—l-’EL_V — g(@)

with 6 =2/(v 4 1), an equation of the form studied in the previous section. As in
there we set [* = min{2x, 7(v + 1)/2}. Then, I* =27 iff v > 3.
Our main existence result for equation (3.1) states as follows.

Theorem 3.1. Assume that N = 2 and v > 0. Then there exists a constant
C* = C*(v) > 0 such that, if for some number 0 <1 < 1* one has

(33) F@) 2 g0), for Jal 2 R
with
(3.4) Kilg) > ———

=
then equation (3.1) admits at least one positive solution.

If f = r=2v/("+1) g(6), the existence of a solution u of the form (3.2) is an
immediate consequence of Theorem 1.1. For a general f satisfying (3.3), the result
follows from the next comparison lemma.

Lemma 3.1. Assume that for some n > 1 one has the existence of a solution w of

(3.5) Aw +nw™" = h(z), in R?
satisfying

1
(3.6) oglal _

|z|—oo w(x)

Let f € L}, (R?) be a function such that for some number R > 0
f(z) > h(zx), for |z| > R.

Then, the equation

(3.7) Au+u™" = f(z), in R2

is solvable.

Before proving this fact, let us finish the proof of the theorem.

Proof of Theorem 3.1. From Lemma 3.1 and condition (3.2) it is enough to show
that for a number n > 1 the equation

Aw +quw™" = =2/ g(g)
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is solvable, provided that condition (3.4) holds true for an appropriate C*. By a
dilation, we can easily check that this equation is equivalent to

Aw+w™" = 7"*2”/(”“)@(9),

with g = n~#+2/(»+1) g Thus its solvability is immediate from Theorem 2.1,
provided that C* is chosen slightly larger than the constant A appearing in (2.2),
and 7 is sufficiently close to 1. O

Proof of Lemma 3.1. We will construct a supersolution v of equation (3.6). Let
z(x) denote the Newtonian potential of the compactly supported function (h— f)4,
that is

1
a) = 5= [ logle sl (h= ) (w)do.
™ JR2
We look for a supersolution in the form
v(z) = w(x) + z(x) + M,

where w is a solution to (3.5) and M is an appropriately chosen large constant.
First observe that since w satisfies condition (3.6) and

38 a0 ={-3= [ (= Ddydoglal +ollal).  as le] = ox,

we can make v(z) > 0 for all z, by choosing M sufficiently large. On the other
hand we have

Av+v 7V =Aw—(h—fly+v "< —nqu™+h—(h—fy+ov7",

and hence
AU+U_V§f+w—V{<1+M) _77}.
w(z)

But thanks to (3.6) and (3.8) we can make

M -V
<1 + M) —n<0
w(x)
by choosing M sufficiently large so that
Z(l‘) +M > 77—1/1/ 1
w(x)

is satisfied, yielding v as the desired supersolution. Having found v, the existence

of a solution of (3.7) is now standard. For an increasing sequence R, T oo, let

upg,, > 0 be the solution to the Dirichlet problem
Au+uY=f in Bg,,
u(z) =0, x € 0BRr

n?

whose existence is by now standard, see [5]. The maximum principle implies that

UR,, < UR, 41 <w, in BRn
for all R,, and thus the limit
u= lim wu
Ry o0 Ry,

is a solution of equation (3.7), as desired. O
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4. THE PARABOLIC INITIAL VALUE PROBLEM

In this section we will give the proofs of the Theorems 1.1 and 1.2 concerning
the solvability of the parabolic problem (1.2) for N = 2, m < 0. We will first prove
Theorem 1.2. As we mentioned in the introduction, we are able to connect the
elliptic and the parabolic problems via the following result, key for our purposes.

Proposition 4.1. Let u > 0 be a smooth solution of du/dt = div(u™ 1Vu) in
Qx1[0,T), Q C R2, with u(-,0) = f smooth. Assume in addition that u satisfies
the Aronson - Bénilan inequality

1

1 t

Then the function ® satisfies the differential inequality
(4.2) AD + (yt)"V/mpl/m > f
with v = (1 —m)/|m|.

u, for 0<t<T.

Let us set

Proof. First notice that the Aronson - Bénilan inequality implies that for 0 < s <
t < T, one has

u(z, s) > u(x, t)(s/t)/ =)

and therefore if &« = m/(1 —m)

t ! 1—
D(x,t) / xsds<ﬂt_°‘/ s%ds = 2y (z,1).
~ jml Im| 0 Im|

On the other hand
¢ t
(4.3) AP = ﬁ /0 Au™(x,s)ds = _/0 u(z, s)ds = f(x) — u(z, t),

with u(x,t) estimated by (4.2) as

(4.4) u(z,t) < (%)1/71@ ol/m _ (,yt)—l/m pL/m.
Combining (4.3) and (4.4), the differential inequality (4.2) follows. O

We are now ready for the proof of Theorem 1.2.

Proof of Theorem 1.2. Denote

h(z) = r=2/0=m) g(9).
Choose a smooth regularization f., of the initial data f, such that f. > e,
(4.5) fe(x) > h(x) for |z| > R,

and f. — fin L} ., as € — 0. Let u. be the unique smooth solution of the initial
value problem du/0t = div(u™~'Vu), in R% x [0, 0o) with initial data u.(-,0) = fe.
The existence, uniqueness and regularity of . follow from the results in [7] and the
classical theory of nondegenerate quasilinear parabolic equations [I5]. Moreover,
each of the uls satisfy the Aronson-Bénilan inequality (4.2). This follows from the
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same argument employed in [I] for the porous medium case. For a given number
T > 0, we define

1 /T
(4.7) O (r) = — / ul(x, s) ds, r € R%
im| Jo

The function ®, satisfies
Adc+ (yT) /™™ >
with v = (1 —m)/|m|, as shown in Lemma 4.1. Thus, setting
V() = Oc(px)
with p = (yT)'/™) we can easily compute that
AV + U > f
with v = —1/m and f.(z) = p? f.(px) satisfying
Je@) = 0 hpa) = (yT)~V/ A7) =2/02m) g (6),
for |z| > R. Set h(z) = p? h(px) and select a number § € [1,2]. Our elliptic result,
Theorem 2.1, shows that the equation
Av+6v™" =h, on R?
admits a solution v, provided that
(1) 0 o) =
Since 0 € [1,2] we may choose the constant C(v,d) to depend only on v = —1/m.
Therefore this condition is assured if

Ki(g) -0\
re (M)
as stated in (1.8), with C* = C(v,d) 'yljm depending only on m. Moreover, if z,
denotes the Newtonian potential of (h— f¢)+, it follows from the maximum principle
and the proof of Lemma 3.1 that
U (x) <v(x) + ze(x) + M, vz € R2
if M is chosen sufficiently large so that
Ze + M
v(x)
By choosing the regularizations f. appropriately, we can make M independent of €
and

>1-—§1

v(x) + ze(x) + M >0 and

v(x) — ze(x) + M < V(x), Vr € R?

with V(z) a locally bounded function. Then, since
1 T
(4.8) D () = W/ u(z,s)ds < C(m)V(p~ '), Vr € R2,
0

® (x) will also be uniformly bounded. This fact implies that the sequence of func-
tions {u.} is uniformly bounded from below by a positive constant, on each compact
subset of R% x (0,7T). Indeed, from (4.1) we have

u™(z, ) s™ AT <™ (g, 5) 7/ ™) for 7<s<T,
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and therefore integrating in s on the interval [, T] and using (4.8) we conclude
(4.9) u™(z,7) < C(m) V(p~ta) (T — )~/ A=m) gm/(=m)

Since {uc} is also bounded from above, it follows that {u.} is equicontinuous on
compact subsets of R?x (0, T) and therefore, there exists a subsequence still denoted
by {u.} and a nonnegative function u such that

Ue — U, as € — 0

uniformly on compact subsets of R? x (0, 7). Letting € — 0 (4.8) we conclude that
T
/ u™(x,s)ds < C(m)V(p~'z), vz € R2.
0

It is now standard (see [8]) to verify that u is a solution of the initial value problem
(1.2). O

We conclude this paper with the proof of Theorem 1.1.

Proof of Theorem 1.1. We begin with the proof of the existence assertion (ii) which
is an almost immediate consequence of Theorem 1.2. First notice that 1 — x; =
g(0), with g € L$S being the characteristic function of the interval [I, 27] extended
periodically outside [0, 27]. Fix a number [ € (I,1*). Then

Kl(g) =1-1>0
since [ < [. For any positive integer n set R,, = n'~™ so that f(z) = 1 — y; satisfies
f(x) >nr=2/0=m) g(9) for »> R,.

Therefore, according to Theorem 1.2 there exists a solution w, of problem (1.2)
with initial data f defined at least up to time

K- * _ 7\4 1-m
£, = (BDE DY
C*
Since, from the maximum principle the solution wu. of the initial value problem
Ou /0t = div(u™~tVu), in R? x [0, 00) with initial data u.(-,0) = f + €, satisfies

Ue > Up, vn,
and T, T oo it follows that the decreasing limit

u = lim u,

e—0

is the desired globally defined solution. [l

Finally, we will prove the nonexistence assertion in Theorem 1.1, part (i). The
proof is based on the following lemma.

Lemma 4.1. Let 0 <v <3, A >0 and

1
D, ={(rcosf,rsinf) | 0<r<1, 0<f< %W }.

Then there exists a function v € C%(D,) N C(D,) such that
Av+ ™" >0, VezeD,,v=0o0ndD,
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and

(4.10) lim r~2/"*y(r, 0) = 400

r—0+

forall0 <6 < (v+1)m/2.
Proof. We choose v(r, ) of the form

6) (~log )7 n(r)

where § and ¢ are parameters to be adjusted, and 7 is a smooth, positive cut-off
function on (0,1) such that n(r) = 1 for 0 < r < 1/2, and n(1) = 0. A direct
computation shows that if one chooses 0 < o < 1/(v 4 1), then for § sufficiently
small one has

Av+ 7" > CoVr /v (Zlog(r/2)) 777 > 0, in D,

where C' depends on 7, A, v and ¢. It can be easily checked that v defined in this
way satisfies condition (4.10) and the proof is thus concluded. O

u(r,0) = §rii sin(V

Proof of Theorem 1.1 (i). We argue by contradiction. Assume that for some f €
L°°(R?) which vanishes on Cj«, problem (1.2) has a solution u(z,t) for some 7' > 0.
For any R > 0 we denote by C’ff‘ the bounded subregion of Cj- consisting of all
points (r,0) with » < R. We will construct smooth, positive functions up defined
on Cf x (0,00) satisfying
Ougr u'y
ot A m )20
such that ug(z,t) — oo, as x — OCE for all t > 0, and with the property that

(4.11)

Rlim ugp(x,t) =0, VzeCx, t>0.

Assume for the moment that we have found such functions. Fix T > 0. The
maximum principle then implies that v < vg in Cl]f x (0,7). It follows that u
must vanish identically on Cj«. This is impossible since v must be positive almost
everywhere, a contradiction which proves the result.

It remains to find the ug’s. To do this, we use the previous lemma. Choose
there v = —1/m, A = —m/(1 — m), and observe that D, = C\.. Let v(r,6) be as
in the lemma and define

(4.12) ug(r,0,t) = R=2/0=m) (¢ - )V A=m)l/m /R 6, 1).
A direct computation then shows the validity of (4.10). On the other hand, for
fixed (r,0,t) we have

Jim upg(r,0,1) = (¢4 1)V 07207 T (o2 07 ™(p,0, )™ = 0.
— 00 pP—

Therefore all conditions required on ug are satisfied, and the proof is complete. [
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